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Tagdim olunan igdo nazik 16vhanin ragslarinin xotti tonliyi iiciin kvadratik meyari
optimal idaraetma masalasing baxilmisdir. Ovvalca har bir geyd olunmus miimkiin idaraedici
Ucun sarhad masalasinin hallinin varligi Gyranilmigdir. Sonra baxilan masalada optimal
idaraedicinin varliq teoremi isbat edilmigdir, sonda optimalliq iiciin inteqral borabarsizlik
saklinda zoruri va kafi sort cixarimisdir.

Acar sozlar: nazik 16vho, optimal idaraetmo, varliq teoremi, zaruri va kafi sort.

Molumdur ki, nazik I6vhanin rogslori dordtortibli xtsusi téromali
diferensial tonliklarlo tasvir olunur [1], [2]. Ona gbra do belo proseslorda
optimal idaraetma masalalarinin, yani optimal idaraedicinin varliginin isbati,
optimalliq tigiin zaruri vo kafi sortlorin ¢ixarilmasi, optimal idarsedicinin va
ona uygun optimal vaziyyatin toqribi qurulmasi mosalalorinin dyranilmasi
mahim ohomiyyat kosb edir. Son dovrlordo belo proseslor Ggln optimal
idaroetma masalalarinin intensiv tadgigine baslanib. Belo islordan [3], [4]-U
geyd etmok olar.

Masalanin qoyulusu. Tutaq ki, idara olunan proses
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sorhad sortlori ilo tesvir olunur, burada Q; =Qx(0,T), Q=(0,a)x(0,b), a,
b, T misbat odadlor, u,(x,y), u,(X,y)-verilmis funksiyalardir, bels Ki,

Uy eWS(Q), U el (Q), u(xy,t)-lovhonin yerdayismasi, v(x,y,t)-
3
idaroedici  funksiya, D:LZ-Ibvhsnin oyilmo mdhkomliyi, h(x,y) -
12(1-v7)
I6vhonin qalmligidir, 0< g, <h(X,y) < u,, p,, p,-verilmis odadlordir vo
h(x,y)-in Q-da iki tortibo godor kasilmoz téromolari var, E (E > 0)-Yunq

modulu, v (O <v< %}-Puasson omsaldir, V?-Laplas operatorudur, p(x,y)-

lovhonin kiitlo sixhigidir, o, Q -da kesilmozdir vo p(x,y) >y >0, y-verilmis
ododdir.

Mumkdn U(X, y,t) idaraedicilor sinfi olaraq L,(Q;)-don qabariq qapali
U,y coxlugu gotiiralir.

Hor bir o(x,y,t) mimkiin idareedicisine uygun (1)-(3) mesalasinin halli
dedikdo elo u(x,y,t)eW,*(Q;) funksiyasi basa disiiliir ki, o ixtiyari
n(x,y,t) eW,(Qr), n(x,y,T) =0,

7(0,y,t) = O,W _0,7(x,0,) =0, 220D _

0,

n(@yt)=0,21EYD _g 6 p 1y =0, 220 _g
OX oy
funksiyasi ti¢iin
9*D o°u  9°D o 9°D ol
ondy oxdy o oy oyt ox
— [ pu, (%, y)r(x, y.0)dxdy = [o(x,y,t)n(x, y,t)dxdydt
5 &

.[ —pa—u-%]+ DVZuv?y + (1—1/)(2

n}dxdydt +
I |

integral eyniliyini va u(x,y,0) =u,(X,y) sortini 6dasin.
Asagidaki kimi optimal idarsetma masalasi qoyulur: U,, mumkin ida-

roedicilor sinfindon elo idarsedici tapmali ki, o, (1)-(3) baslangic-sarhad
mosalasinin halli ilo birlikds

J)= j [u(x,y,t) =z, (x, y,t)J dxdydt + o j v2(x, y,t)dxdydt  (4)
Qr Qr

funksionalina minimum qiymst versin, burada z,(X,y,t) funksiyas: L,(Q;)-
don verilmis funksiyadir, & > 0- verilmis ododdir.
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1. (1)-(3) masalasinin hallinin varhg: va yeganaliyi
Teorem 1. Hor bir qeyd olunmus o(x,y,t) mimkin idareedcisi tigtin

(1)-(3) masoalosinin W,”*(Q; ) fazasinda yegans hall var.
Hollin varhigimmi gdstormoak Ugun Faedo-Qalyorkin tsulunu totbiq edok.

W7 (©) -dan olan {a)i (X, y)}?il bazis funksiyalar1 gotiirok vo (1)-(3) mosalasinin
togribi hallini

N
u" (xy,t) = ¢ ey (x,y)
i=1
soklinds asagidak: baraborliklordon axtaraq:
otu™
Ip?a)j (X, y)dxderIszuNVza)j (x, y)dxdy +
Q Q
2 2, N 2 2, N 2 2, N
) , 0D 3% _5'D 5% 0D o'
5\ OXoy oxoy  oOx° oy oy® ox
- Iu(x, y. o, (x,y)dxdy, 1<j<N,
Q

jco,- (x.y)dxdy=  (5)

=ﬂiN’

t=0

@) =al', o' ®

burada o vo A", @,(X,y) Vo @, (X,y) funksiyalarmi N — o oldugda
uygun olarag W, (Q2) va L, () -do aproksimasiya edon
N N
2o (% Y) =D a'o,(xy), o' (x.y) =D B o(x,y)
i=1 i=1

comlarinin omsallaridir.

(5) barabarliyinin har iki torafini %c}“ (t)-ya vurub, j gore 1-don N -2
gadar comlosak, alariq:

I o*u™ au™

Qp o> ot

2 2, N 2 2, N 2 2, N N

+(1‘V)I[28 D u" _#*D gt _ 2D 5'u jau

I\ Toxoy oxoy  ax? oy?  oy? ox? ) ot

ouM
= Y, t dxdy .
iv(xy )= dxay

N
dxdy + j DVZuNv? au—dxdy+
5 ot

dxdy =

Buradan alinir ki,
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1d ou™ ’ 2 N\
=— + D(V-u dxdy =
sl ot oo
_(1_‘/),[ 282D o’u® o’Do%u"™ o’°Do%u" \au"
2\ oxoy oxoy  ox® oy oy’ ox® ) ot

ou™
) lt
+£u(x y,t) ~

Bu boaraborliyi t-ys gors integrallasaq verilonlor Gzorino qoyulmus sortlor
daxilinds asagidaki miinasibati alariq:

I“a;t“ Jz + (v )Z}dxdy <C+

dxdy +

dxdy .

ol () (5 ) (o5 o5 o
) ox oy o ox oy Y
Vte [O,T],

burada va bundan sonra C ilo mixtalif sabitlori isara edacayik.

W, (Q) fozasinda normalarin ekvivalentliyina géro

o o[22 (2] (22t b

£C+C“[(UN)Z+(6UNJ +(8u”j +(6UNJ +(82UZNJ +[azuNj +(BZUZNJ }dxdydt
0h OX oy ot OX oxoy oy

olar.

[5]-doki malum
2, N \2 2, N \? 2, N \2
j 8u2 + ou + 8u2 dxdst.
ol L oX oxoy oy o
barabarsizliyina gors alariq:
J'(UN)2+ au™ 2+ au™ 2+ au™ 2+ otu® 2+ o2uM 2+ otuM Y’ dxdy <
: OX oy ot ox? OXoy oy’® a

t N\ 2 N2 N \2 2, N2 2, N2 2, N2
sC+C” (u”)2+[au j J{au J +[6u J +(6 uz j +(8u J +[a UZ J dxdydt -
05 OX oy ot OX oxoy oy

Bu barabarsizliys Qronuoll lemmasini tatbiq etsak,

2, N 2, N 2
0 u2 +_8 u2 } dxdy
OX oy
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N2 N2 N2 2,,N )2 2, N )2 2, N )2
J (uN)2+ au + o + au + 0 u2 + ou + 0 uz dxdy < const »
o OX oy ot OX oxoy oy
vte[o,T]  (6)
olar.
Buradan almuir ki, {u N } ardicilligt W,>*(Q; ) -do mohduddur. Ona goro da
{u N }-dsn elo alt ardicilliq ayirmaq olar ki (homin ardicilligi da {u N } kimi isaro
edacayik), N — o oldugda
ou™ ou oau™  ou au au
->—, - —, ->—,
ot ot ox oX oy oy
ofu™  9%u ofuM  o%u onuM  d%u
2 - 2! - ! 2 - 2
OX OX® OXoy  Oxoy oy oy
Onda kompaktliq teoremina gora [5], N — o« oldugda
ou™ ou ou™ ou

™ & —>5 L, (Q; ) -da glcli.

(1)-(3) masalasinin imumilosmis hollinin torifinde u =u™ gotiirok:

N 2 2, N 2 2, N 2 2, N
I —pau a—77+DVZUNV277+(1—V) 2a Dou” 9 E)@uz 0 E)auz 7 [dxdydt —
o ot ot OXoy Oxoy — Ox° oy oy° ox

u¥ >u,

L, (Q; ) -do zaif.

u" > u,

_>_a
OX

— [ po!' (% y)n(x, y,00dxdy = [o(x, y,th(x, y,tydxdydt.
Q Qr
Burada N — oo sortinda limita kegsak,

2 2 2 2 2 2
[ —p%”%—ﬂ DVZUV2n+(1—v)(28 D 0u _0Bou 0B ‘j}; dxdydt -
3 t OXOy OXoy OXx° oy° oy oOx

— [ P (x, Y)n(x, y.0)dxdy = [o(x, y,th(x, y, t)dxdydt
Q Qr

olar. Belalikla, aliriq ki, u(x,y,t) funksiyasi (1)-(3) mosalosinin Gmumilosmis
hallidir.

Hollin yeganaliyini standart Gsulla géstermak olar, yani har bir mimkin
idarsediciys uygun (1)-(3) masoalesinin iki u;, u, hollinin oldugunu forz
etsoydik, onlarin forgi olan u =u, —u, Uglin (6)-ya analoji olaraq

o (20 (22 (2 (22 (2 (22 s
vte[0,T]

giymatlondirmasini alardiq. Buradan iso u =u, —u, =0 oldugu alinir, yani
u, =u,.
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I1. Optimal idarsedicinin varhg:

Teorem 2. (1)-(4) masalasinin verilonlori Uzorino yuxarida qoyulan
sortlor daxilinds hamin masalads optimal idarsedici var.

Isbati. Tutaq ki, {Un } e U, minimallagdirict ardiculiqdur, yani

limJ(v,) = Uieraid J). (7

Buradan alinir ki,

o, ||L2 o) < const. (8)

(1)-(3) masalasinin v,, idarosedicisina uygun hallini u_(x,y,t) ilo isaro
edok.
{un} ardicilligi tigiin I hissadaki qayda ilo

||Un||sz,1 o) < const 9)

giymotlondirmasini alariq.
(8), (9) munasibatlorindan Hilbert fozasindaki zaif kompaktliq xassasine
asason n — oo olduqda alariq:
v, > v, L,(Q;)-do zaif (10)

Vo

2 2 2 2 2 2
o, o Oy Oy 3%, 0%, Oy 0o | ) s gaif. (11)
ot ot ox Ox?  oxoy  oxoy  oy? oy?

Umumilogmis hallin torifinds v =v,, u=u, yazaq:

2 2 2 2 2 2
[|-p 200, by, vig+ @-v) 22208 OB IY, 0D 0, gy -
o ot ot OX0y OX0y  OX° oy oy Ox

— [ P, (%, Y)n(x, y,0)dxdy = [v, (%, y,)(x, y, t)dxdydt .
Q Qr

(10) va (11)-u nozars almagla bu barabarlikds limits kegak:
2 2 2 2 2 2
I —,o—au0 on DV?u,V?n+(1-v) 0D, 0 E)a u20 8 |238 Uzo 7 [dxdydt —
o ot ot OXOy OXoy  ox° oy oy® ox

— [ P (x, Y)n(x, y,0)dxdy = [v5(x, y,thn(x, y, t)dxdydt
Q Qr

Bu minasibat gosterir ki, u,(x,y,t) funksiyast (1)-(3) mosalasinin
v, (X, y,t) idarsedicisine uygun hoallidir.
(4) funksionali kvadratik oldugundan o asagidan zoaif yarimkasilmozdir,

yani
lim J (v,) 2 J (v,). (12)

n—o0
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Onda (7) va (12) minasibatlarindan
iI‘LIJf J(0) 2 J(v,).

Buradan
ir&f J()=J(v,),
demali, v,(x,y,t) idarsedicisi U,, sinfinds J(v) funksionalina minimum
giymat verir, yani v, (x, y,t) optimal idarsedicidir.
Teorem isbat olundu.

II1. Optimalhgin zaruri sarti
Verilmis miimkiin v, (X, y,t) idaroedicisi tigiin asagidaki qogsma masaloni

daxil edak:
) 2 2 2 2 2 2
P¥+V2(DV2W)+(1—V){26[ aD]_a[ aDj a(wwﬂ?ﬂuo—zd) (13)

ooy ) oMo eV oy
w(0,y.) =y(ay.t) =0, a‘”(g' vt _ov@ayt) _q
X OX (14)
ow(x,0,t) Jw(x,Db,t)
x,0,t) =w(Xx,b,t) =0, = =0,
w(x,0,t) =w( ) Y &
(X y.T) =0, W:o, (15)

burada u,(x,y,t) funksiyast v,(X,y,t) idarsedicisina uygun (1)-(3) maso-

lasinin hallidir.
(1)-(3) masaslasinda oldugu kimi gostarmok olar ki, (13)-(15) qosma

moasalasinin do W,/ (Q; ) -dan olan yegane imumilosmis halli var.
Optimalligin ~ zoruri  sortini  ¢ixarmaq Ug¢lin  iki  vy(X,y,t) Vo
U, (X, Y,t) +ou(X, y,t) mumkin idarsedicisini goturok. Bu idarsedicilora uygun
(1)-(3) masalasinin hallorini uy (X, y,t) va u,(x,Yy,t)+du(x,y,t) ils isaro edok.
Onda du(x, y,t) asagidaki
92 ()

atZ

+v2(Dv2(w))+(1_v){z 0°D 0°(du) 0°D o*(&) 9°D 62(&)}:&) (16)

oxoy oxoy  ox* oy* oyr ox?
A(Au(0,y,1)) _ a(du(a,y,1) _

au(0,y,t)=au(a,y,t) =0, 0,
OX OX (17)
KO0 - au(x, b0 0, EOLO.D) | AAxb.Y)
oy oy
su(x,y,0) =0, JNUY0) _ 4 (18)
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sarhad masalasinin halli olar.
I hissads oldugu kimi buradan asanliqla

| w2 (Qr) < C”&)”

giymotlondirmosini almagq olar.
J(v) funksionalinin artimini hesablayaq:

AJ(06) = Iy +60) = I (0) = [[(Uy + - 24)? ~ (U, — 2,)? Pixdydt +

¥ (20)
+a [ [0, +50)? ~ 0, xdydt = 2 [ (u, - 2,)udedydt + 2c [v,Sodedydt + R,
Qr Qr Qr

L,(Qr) (19)

burada
R = [((6u)? + ar(sv)? Hxdydt
Qr

ilo galiq hodd isars edilmisdir.
(19) giymatlondirmasini nazars alsaq

R < C|lov] (21)

L.(Qr)
olar.
ou funksiyasi (16)-(18) sorhad masalasinin imumilosmis halli oldugun-

dan ixtiyari 7(x, y,t) eW,"(Qr), n(x,y,T) =0,
n(0,y,t) = O,M =0,7(x,0,t) = O,M =0,
OX oy

n(a,y.t) =0,wzo,n(x,b,t) :O,MZO
X

funksiyasi tigiin
0%D 0*(du) 9°D 9%(d1) %D 0 (ou) )
ooy oxdy o oy oy ox ]"}dmydt (22)

- j son(x, y,t)dxdydt =0
Qr

| —pa((;ij)?t7+DV (U)\Ven+(1-v )[
Qr

inteqral eyniliyi dogrudur.
w(X,y,t) funksiyasi (13)-(15) qosma masalosinin Umumilogmis holli ol-
dugundan ixtiyari y(X,y,t) eW,*(Q;), z(x,y,0)=0,
20,y,1) = o,w -0, 7(x0,t) =0, X0 _ ¢
X

oy (x,b,t)

Z(@ y,t) =O,W=O,;{(x,b,t) -0, -0
X

funksiyasi ii¢lin

2 A2 2 2
J v aZ+DV Wiy+(1-v) ZWa Do _ QGJ_ QL +2(u, —2,)y [dxdydt =0 (23)
& 8t ot OX0y OXoy ax oy’ ay ox°

inteqral eyniliyi dogrudur.
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(22)-do n =y, (23)-do y = du gotiiriib onlar toraf-torafo ¢ixaq vo alinan
ifadoni funksionalin arttimina slavs edok. Onda funksionalin artimi
A (v,) = j (—y + 2aw, ) Sudxdydt + R (24)
Qr

soklino diisor.
(21)-1 nozors alsaq funksionalin artiminin (24) diisturundan alariq ki,
baxilan masalads funksionalin qradiyenti
gradd (v,) = -y + 2av,
disturu ilo hesablanr.
Onda [6]-daki malum teoremoa gora (soh. 28) v,(X,y,t) idarsedicisinin

optimal idaroedici olmasi tiglin zoruri sort
j(-y/ +2av,)(v - v,)dxdydt >0, Yo eU,, (25)
o

barabarsizliyinin 6donmoasidir.
(4) funksionali U, -do ciddi qabariq oldugundan (25) sorti v, (X, Y,t)

idaraedicisinin optimallig: {i¢iin ham do kafi sortdir.

Belaliklo, asagidaki teoremi isbat etmis oluruq:

Teorem 3. (1)-(4) mosalasinin verilonlori Uzarina yuxarida qoyulmus
sortlor daxilinds v, (x,y,t) idarsedicisinin optimal idarsedici olmasi {iglin

zoruri va kafi sort (25) barabarsizliyinin 6donmasidir.
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3AJIAYA ONITUMAJIBHOI'O YIIPABJIEHUS 1151 YPABHEHUSI
KOJIEBAHUM TOHKOU IJIACTUHBI

I.®.KYJUEB, X.1.CEU®YJLITAEBA
PE3IOME
B npencrasiaenHoi paboTe paccMOTpeHa 3ajada ONTHMAIBHOTO YIPaBJICHUS C KBal-

PATUYHBIM KPUTCPUCM [UIA JIMHEHHOTO YpaBHCHUA KoJieOaHuil TOHKOW miacTuHbl. CHauaia
JJIA KaXXJ10TO (I)I/IKCI/IpOBaHHOFO JA0IYCTUMOT'O YIIPABJICHUA U3YUCHO CYHICCTBOBAHNUC PCIICHUA
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TpaHUYHOM 3a7a4. Jlanee 1oka3aHa TeOpeMa CyIECTBOBAHHS ONTUMAIBHOTO yIIPABICHHS U B
KOHIIE BBIBEIICHO HEOOXOJMMOE M JI0OCTATOYHOE YCJIOBHE ONTUMAJIbHOCTH B BHIE WHTEIPalb-
HOTO HEPaBEHCTBA.

KiroueBble ci10Ba: TOHKas IUTAaCTUHA, ONITUMAJIBHOC YIIPABJICHUE, TEOPpEMA CYIIECTBO-
BaHUA, HCO6XO}Z[I/IM06 1 JOCTAaTOYHOC YCIIOBUC.

OPTIMAL CONTROL PROBLEM FOR THE EQUATION OF VIBRATIONS
OF THIN PLATE

H.F.GULIYEV, Kh.I.SEYFULLAYEVA
SUMMARY
The paper considers the optimal control problem for the linear equation of vibrations of
the thin plate with quadratic criteria. First, for every fixed admissable control the existense of
solution of boundary value problem is studied. Next, the theorem of existence of the optimal

control is proved and necessary and sufficient conditions of optimality in the form of integral
inequality are obtained.

Key word: thin plate, optimal control, existence theorem, necessary and sufficient
conditions.

Peoaxcuiiatia oaxun ondy: 22.05.2013-vy un.
Yana umzananowl: 17.10.2013-vy un.

73



